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Abstract

Laminar mixing of very viscous liquids and its effect on the course of parallel chemical reactions have been studied theoretically and
experimentally. An existing model of laminar micromixing, based on an integral transformation of material balance equations in a local
frame of reference attached to the Lagrangian point has been extended to account for the effects of differential diffusion. Smooth presumed
algebraic functions were used to approximate concentration profiles of species in the local frame of reference and to derive ordinary
differential equations for the concentration moments of the reactants. In experiments a solution of sodium hydroxide was mixed with a
premixture of hydrochloric acid and ethyl chloroacetate in a co-rotating twin-screw extruder in a laminar flow regime. The viscosity of
both solutions was increased by adding polyethylenepolypropylene glycol. In the experiments the effects of the screw speed, the extruder
throughput, the volume ratio of the mixed reactant solutions and the degree of fill of the extruder on the selectivity of the parallel reactions:
acid–base neutralisation and ester hydrolysis, were determined. The model was used to interpret the experimental results. © 2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction

Designing devices for mixing of very viscous liquids still
constitutes a difficult engineering problem. Extremely high
viscosities, high energy input or possibility of thermal degra-
dation of a processed material do not allow mixing of highly
viscous liquids to be carried out in the turbulent flow. There-
fore, in many industrial applications mixing, especially on
the molecular level, occurs at considerably lower rates than
in the turbulent case. Slow mixing on the molecular level
(micromixing) may affect the course of chemical reactions.
It is well known that fast or very fast complex chemical reac-
tions with non-linear kinetics proceeding in an unpremixed
feed system can be strongly affected by micromixing [1–4].
However it is not an easy task to predict an outcome of mix-
ing with fast or very fast chemical reactions.

The subject literature indicates that micromixing in the
laminar flow proceeds by the deformation of fluid elements
and the molecular diffusion of mixture components [5–10].
Viscous deformation generates a new intermaterial surface
area, decreases segregation scales in a system and tends
to maintain high local gradients of the component con-
centration. Molecular diffusion, accelerated by deformation,
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decreases local variations of the component concentration
and homogenises the mixture at the molecular level. The
rate of the deformation of fluid elements depends on an in-
put of mechanical energy and on an orientation of the inter-
material surface with respect to the principal directions of
stretching [8,9]. Differences in such physical properties of
the mixed fluids as viscosity and density also affect the rate
of deformation [11,12] but micromixing models available in
the literature do not account for these effects.

A micromixing model proposed by Ranz [8] and later de-
veloped by Ottino et al. [9] assumes that the contacted fluids
form stratified structures that are deformed under action of
the external flow. To describe the processes of molecular
diffusion and chemical reactions, occurring in the lamellar
structures, the authors formulate material balance equations
in the local frame of reference attached to each structure. The
solution of the resulting system of partial differential equa-
tions (PDEs) gives the concentration profile and the conver-
sion of each reactant in the lamellar structure. This model
neglects mass exchange between the lamellar structure and
its surrounding. The initial distribution of the reactants in
the lamellar structure is related to the global system compo-
sition rather than to local mixing conditions. The solution
of the model PDEs requires application of complicated
numerical algorithms and a considerable computation
power.
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Nomenclature

a, b correlation (46) coefficients
ci concentration of reactanti (mol m−3)
CL centreline distance between screws (m)
d diameter of injection port (m)
dF differential contact surface area (m2)
D screw diameter (m)

D rate of deformation tensor (s−1)
DB screw root diameter (m)
Di molecular diffusivity of reactanti (m2 s−1)
f degree of fill of extruder channel
FD, FP shape factors characterising

channel geometry
Fr Froude number
g earth acceleration (9.81 m s−2)
h channel depth (m)
ki second order reaction rate

constants (m3 mol−1 s−1)
m number of screw channels
Mi zero order concentration moment (mol)
Mi,kl second order concentration moment (mol m2)
n̂ direction unit vector
N screw speed (s−1)
p pressure (Pa)
�p die pressure
Ri reaction rate (mol s−1 m−3)
Re Reynolds number
s striation thickness (m)
t time (s)
tD, tF, tR characteristic diffusion, deformation

and reaction times (s)
T screw pitch (m)
�u velocity in Lagrangian frame (m s−1)
ui velocity component in Lagrangian

frame (m s−1)
�v velocity (m s−1)
v0 local liquid velocity near injection

port (m s−1)
V̇ total extruder throughput (m3)
V̇D drag (maximum) flow rate (m3)
V̇i volumetric feeding rate (m3 s−1)
V̇P pressure flow rate (m3)
w channel width (m)
X selectivity
�X position of material point (m)
z coordinate in channel direction (m)

Greek letters
α, αi rate of deformation (s−1)
〈α〉 time averaged rate of deformation (s−1)
βB, βC initial concentration ratios
γ B, γ C ratios of diffusion coefficients
δF flight clearance (m)

δi half width of gradient profile (m)
δkl Kronecker delta
∆i displacement of gradient profile (m)
θ1, θ2 characteristic time ratios
κi shape coefficient of gradient profile
λi,k penetration distance (m)
µ dynamic viscosity (Pa s)
ξ , ξ i coordinate in Lagrangian frame (m)
�ξ position vector in Lagrangian frame (m)
ρ density (kg m−3)
σ X average relative difference between the

model and the direct numerical solution
ϕ screw helix angle (rad)
χi constant dependent onκi

ψ gradient profile function
�ω angular velocity of Lagrangian frame (s−1)

Subscript
0 initial value

A micromixing model of Bałdyga et al. [10] overcomes
these limitations. In this model attention is focused on a
spot of one reactant surrounded by other reactants. Mate-
rial balance equations are formulated in the local frame of
reference attached to the centre of mass of the spot (the La-
grangian point) and then converted by means of an integral
transformation to a system of ordinary differential equations
(ODEs). The solution of these equations gives the rate of
growth of the spot volume due to micromixing and the aver-
age concentration of the reactants within the spot. Both the
mass transfer between the reactive spot and its environment
and the effect of local mixing conditions on the character-
istic initial scale of the spot are accounted for. This simple
model works well when the molecular diffusivities of the
reactants do not differ considerably and a small volume of
a highly concentrated solution of one reactant is mixed with
a large volume of a dilute solution of other reactants. The
diffusion coefficients of reactants in the multi-component
mixture are in general not equal, often very different, and
therefore the concentration fields of these species can evolve
differently. For example two species A and B, initially
mixed on the molecular scale in a homogeneous mixture
that is introduced into a flow, can evolve into different con-
centration fieldscA(�x, t) and cB(�x, t) due to differences
in their diffusion coefficients. Such phenomenon is called
“differential diffusion” and can be of special importance
in reactive laminar flows, although it has been observed in
turbulent flows as well [13]. Therefore, there is a need to
extend the application range of the model of Bałdyga et al.
[10] by accounting for this effect without, however, signifi-
cantly complicating the model structure. Such a model may
be combined with tools of computational fluid dynamics
(CFD) to allow for modelling of micromixing with chemical
reaction in very complex flows occurring in industrial mixers
and reactors.
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An extension of the model [10] is achieved in this pa-
per by the use of an explicit approximation of the local
concentration profile of each reactant in the reaction zone
and employing an integral method based on ODE for the
concentration moments. A similar approach was earlier ap-
plied by Tryggvason and Dahm [14] to model combustion
processes in isolated strained diffusion layers.

For experimental validation of the new model a reactive
tracer method proposed by Bałdyga et al. [10] is applied.
In this method, two parallel chemical reactions: acid–base
neutralisation and alkaline hydrolysis of an aliphatic es-
ter are run in an unpremixed feed system; the viscos-
ity of the mixed reactant solutions being increased with
polyethylenepolypropylene glycol [10,15]. The selectivity
of the considered parallel reactions is significantly depen-
dent on mixing conditions in laminar flow for various flow
configurations [10,15].

The co-rotating twin-screw extruder (CoTSE) is
commonly used in the polymer technology for continuous
processing of very viscous materials [16,17]. A self-wiping
action of the rotating screws prevents formation of stagna-
tion zones and improves distribution of the minor compo-
nent in the bulk [18]. An intermaterial surface can be peri-
odically reoriented when passing through the intermeshing
region, which significantly improves mixing in a predomi-
nantly shear flow in the screw channel [19]. The co-rotating
twin-screw extruders offer a great flexibility in choosing
screw geometry and operating conditions [20]. Several unit
operations: melting, addition of side streams of catalysts or
monomers, mixing and chemical reaction, removal of vola-
tises, compression and final extrusion can all be run in a
relatively small process volume of CoTSE. Many processes
of polymer synthesis and modification such as bulk poly-
merisation, grafting reactions, interchain co-polymerisation,
coupling, branching or even degradation reactions are car-
ried out in CoTSE [21] as well. Some chemical reactions
conducted in the extruders are multi-component and diffu-
sion limited reactions with significant differences in diffu-
sion coefficients, e.g. polymerisation of urethanes, which
can be influenced by micromixing [22].

There are few experimental studies on reactive laminar
micromixing in the extruders. Donn [23] and Wu [24] used
a system of competitive-consecutive imidisation reactions,
originally developed by Frey [25], proceeding in the poly-
mer melt to study laminar micromixing in CoTSE. They
determined the effects of the screw geometry, the extruder
throughput and the screw speed on the final selectivity
of the imidisation reactions. They observed micromixing
effects for this reaction system only for very low screw
speeds and extruder throughputs. In the study of Graaf [26]
a simple acid–base neutralisation reaction was carried out
in CoTSE with a transparent barrel. The length of the reac-
tion zone, marked by a colour change of pH-indicator, was
affected by the screw speed and ratio of the viscosities of
water–glycerine solutions mixed in the extruder. Graaf [26]
also conducted a bulk thermal polymerisation of styrene

in the presence of a highly reactive chain transfer agent
in a counter-rotating twin-screw extruder. In this method,
originally proposed by Meyer and Renken [27], the number
average molecular weight of co- and homopolymers de-
pends on the rate of mixing of the chain transfer agent with
the bulk flow. The effects of the initial feed segregation,
the screw speed and the die resistance on the number aver-
age molecular weigh of polymers were determined but no
quantitative interpretation of the results was proposed [26].

In the present paper the accuracy and the application range
of the proposed model is determined by comparing the se-
lectivity of parallel reactions predicted by the model with
the selectivity obtained from a direct numerical solution of
the material balance PDEs for a simple well-defined flow.
In the next step the model is used to interpret results of mi-
cromixing experiments performed in CoTSE by means of
the test reaction system of two parallel reactions for a wide
range of: the screw speeds, the extruder throughputs and the
degrees of fill of the extruder. At the end, the effect of these
operating conditions on the average rate of the deformation
of the fluid elements in the extruder channel is determined.

2. Model formulation

Mixing of very viscous, Newtonian, incompressible and
fully miscible fluids is considered. It is assumed that the flow
of the contacted fluids is laminar, hydrodynamically stable
and isothermal. The process is described in a local frame of
reference attached to the Lagrangian point�X = �X( �X0, t),
being the centre of mass of a fluid element. The fluid ele-
ment is transported, deformed and rotated by the external
flow and can exchange mass with the surrounding. Mixing
is accompanied by chemical reactions occurring between a
reactant initially contained in the fluid element and other
reactants initially present in the environment. The diffusion
coefficients of the reactants as well as the rate constants of
the chemical reactions are assumed to be unaffected by the
mixture composition.

The material balance of theith reactant in the local frame
of reference, (ξ1, ξ2, ξ3), reads

∂ci

∂t
+

3∑
m=1

∂

∂ξm

(cium) = Di

3∑
m=1

∂2ci

∂ξ2
m

+ Ri. (1)

In the vicinity of the origin of the local frame of reference,
�X = �X( �X0, t), the relative fluid velocity can be approxi-
mated by a linear function of the spatial coordinates

�u(�ξ) = �v( �X + �ξ) − �v( �X) − �ω × �ξ ∼=
⇀

ξ ·Grad�u|�ξ=�0, (2)

where �ω represents the rotation of the coordinate frame.
Using the continuity equation for the incompressible fluid
flow

∂u1

∂ξ1
+ ∂u2

∂ξ2
+ ∂u3

∂ξ3
= 0 (3)
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and Eq. (2) one can rewrite the convection terms in Eq. (1)

∂ci

∂t
+

3∑
m=1

3∑
n=1

ξn

∂um

∂ξn

∂ci

∂ξm

= Di

3∑
m=1

∂2ci

∂ξ2
m

+ Ri. (4)

Instead of solving a set of Eq. (4) to obtain the exact con-
centration profiles of reactants and on this basis determine
the amount and the distribution of the reactants in the lo-
cal frame of reference we integrate Eq. (4) with the weight
functions “1” and “ξkξ1” over the fluid volume.

These integral transformations produce two equations for
the ith reactant:

dMi

dt
=
∫+∞∫

−∞

∫
Ri dξ1 dξ2 dξ3, (5)

dMi,kl

dt
−

3∑
m=1

∂uk

∂ξm

Mi,ml −
3∑

n=1

∂ul

∂ξn

Mi,kn

= 2DiMiδkl +
∫ +∞∫

−∞

∫
Riξkξl dξ1 dξ2 dξ3. (6)

Eqs. (5) and (6) contain two types of transformed, integral
variables:

• the zero order moment

Mi =
∫ +∞∫

−∞

∫
(ci − ci∞) dξ1 dξ2 dξ3, (7)

• the second order moment

Mi,kl =
∫ +∞∫

−∞

∫
(ci − ci∞)ξkξl dξ1 dξ2 dξ3. (8)

Hereci∞ is the far field concentration of theith reactant. The
rate of change of the zero order moment is equivalent to the
rate of consumption or production of theith reactant. The
second order moments characterise the spatial distribution
of the ith reactant in the Lagrangian frame of reference. For
example, the square root of the ratioMi,kk/Mi can be used
as an estimate of the penetration distance of theith reactant
alongξk axis,λi,k [10].

The theoretical mechanics states that for any rigid body
one can always find three mutually perpendicular main axes
of inertia [28]. When the axes of the reference frame, fixed
to the centre of mass of the rigid body, are directed along
the main axes of inertia all deviatory moments of the body
vanish in this frame. The definition of the second order
concentration moments, Eq. (8), is formally identical to
the definitions of the inertial and deviatory moments of the
rigid body. Therefore, in our analysis at any instant of time
the coordinate axes (ξ1, ξ2, ξ3) coincide with the main axes
of “inertia” of the reactant spot and thus all off-diagonal
moments vanish (Mi,kl = 0 if k �= l). Eq. (6) takes a simpler
form that fork = l reads:

dMi,kk

dt
= 2

(
∂uk

∂ξk

Mi,kk + DiMi

)

+
∫ +∞∫

−∞

∫
Riξ

2
k dξ1 dξ2 dξ3. (9)

The form of Eq. (9) indicates that in the frame of reference
translating and rotating with the fluid element the processes
of molecular diffusion and chemical reaction can be de-
scribed, as they would occur in a simple stagnation flow
with the deformation rates,αk, that can vary in time and
space, and

uk
∼= ∂uk

∂ξk

∣∣∣∣�ξ=0
ξk = αkξk, k = 1, 2, 3. (10)

This interpretation agrees with earlier suggestions of Ranz
[8] and Ottino et al. [9].

The deformed fluid element must shrink at least in one
direction and extend in the remaining one(s) due to the
continuity condition,α1 + α2 + α3 = 0, e.g. forα1 < 0 and
α2, α3 > 0 the fluid element takes a shape of a thinning slab.
When molecular diffusion proceeds at speeds lower than or
comparable to the rate of viscous deformation (only then
mechanical mixing is of importance), then the concentration
gradients become the highest in the direction of the fastest
shrinking, while the fastest growth of the intermaterial
surface is observed in the perpendicular direction. Conse-
quently, molecular diffusion becomes significantly acceler-
ated in the direction of the fastest shrinking and slowed down
in other directions. Hence, a three-dimensional local con-
centration field degenerates with time to a one-dimensional
one, as illustrated by Bałdyga et al. [10]. Therefore, it can be
assumed that a drop of the reactant solution eventually forms
an elongated striation and that molecular diffusion proceeds
in the direction perpendicular to the symmetry plane of this
striation. We attach the origin of a local coordinate system,
(ξ1, ξ2, ξ3), to the symmetry plane of the striation and direct
it so thatξ1 axis becomes perpendicular to the symmetry
plane, which assures that all off-diagonal concentration mo-
ments vanish. When the velocity field in a mixer is known,
then the rate of mechanical thinning of the striation along
its trajectory, �X = �X( �X0, t), can be found from [9]

α( �X, t) = −∂u1

∂ξ1
= −1

s

ds

dt
= −D : n̂n̂, (11)

wheres is the striation thickness (should not be confused
with the ith reactant penetration distanceλi,1), n̂ is the unit
vector perpendicular to the symmetry plane of the striation

andD denotes the rate of deformation tensor.
The model equations (5) and (9) contain also integrals

dependent on the reaction rate distributions,Ri , that depend
on the local concentrations profiles. Tryggvasson and Dahm
[14] showed in their study on diffusion controlled combus-
tion that such “reaction integrals” can be well estimated
with some simple algebraic approximations of the concen-
tration profiles in the reaction zone. However, the form of
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Fig. 1. Schematic representation of an on-line reactor.

these approximations must account for the particular process
conditions, e.g. the way of contacting substrates and the re-
action kinetics.

In the present work the effect of micromixing on the
course of two competitive-parallel chemical reactions of the
second order kinetics:

A + B
k1→P, (12)

A + C
k2→Q, (13)

is investigated. The first reaction is very fast and fully con-
trolled by mixing, while the rate at which the second reaction
would proceed in the kinetic regime is comparable to rate of
laminar micromixing (k2 � k1). A side stream of an A-rich
solution is fed into a main stream of a fresh premixture of
reagents B and C (with possibly differing diffusion coeffi-
cients) in an on-line reactor (Fig. 1). The chemically equiv-
alent amounts of the reactants are applied for simplicity

V̇AcA0 = V̇BCcB0 = V̇BCcC0. (14)

The final selectivity of the parallel reactions (12) and (13)
defined as

X = V̇BCcC0 − (V̇A + V̇BC)cC

V̇AcA0
, (15)

is directly related to the course of mixing [29]. In the case
of infinitely fast mixing in the reactor the selectivity equals

Fig. 2. Approximations of local concentration profiles of reactants.

zero. When both reactions are fully controlled by mixing, the
selectivity reaches the maximum level, which depends on the
relation between diffusion coefficients of the reactants, e.g.
for DA = DB = DC the maximum selectivity equals 0.5.

To approximate distributions of reactant concentrations
in the local frame of reference attached to the elongated
striation of the A-rich solution we use expressions similar
to those proposed by Tryggvasson and Dahm [14]:

ci=




cim if |ξ | ≤ ∆i − δi,

(cim − ci∞)[0.5

−ψ(ξ, ∆i, δi, κi)]+ci∞ if ∆i−δi ≤ |ξ | ≤ ∆i+δi,

ci∞ if |ξ | ≤ ∆i + δi,

(16)

ψ(ξ, ∆i, δi, κi)

=
√

κi + 1

4

(2κi − 1)(ξ − ∆i)
3 + 3δ2

i (ξ − ∆i)

[κi(ξ − ∆i)2 + δ2
i ]3/2

for i = A, B, C. (17)

To simplify notation symbolξ1 is replaced byξ in Eqs. (16)
and (17) and following ones. Parameters∆i andδi represent
the position of the inflexion points and the half width of
the profile (Fig. 2). Theith reactant concentration at the
symmetry plane of the slab is denoted bycim, while its far
field value byci∞. The shape of the concentration profile
depends on the value of the coefficient,κi (Fig. 3).
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Fig. 3. Gradient profile function.

When Eqs. (16) and (17) are combined with Eqs. (7) and
(8) the following expressions arise:

Mi = 2(cim − ci∞)∆i dF, (18)

Mi,11 = 2(cim − ci∞)∆i

(
∆2

i

3
+ χiδ

2
i

)
dF, (19)

where

χi =




κi + 3

2κ2
i

− 3
√

κi + 1

2|κi |5/2
arcsin

√
|κi | for − 1 < κi < 0,

1
5 for κi = 0,

κi + 3

2κ2
i

− 3
√

κi + 1

4κ
5/2
i

ln

√
κi + 1 + √

κi√
κi + 1 − √

κi

for κi > 0.

(20)

Evolution of the reactant contact surface area, dF, can
be found by combining the continuity condition,s dF =
constant, with Eq. (11)

dF = e〈α〉t dF0, 〈α〉 = 1

t

∫ t

0
α( �X, t ′) dt ′. (21)

Introduction of Eqs. (18)–(21) into the Eqs. (5) and (9) gives

∆i

dcim

dt
+ (cim − ci∞)

(
d∆i

dt
+ α∆i

)

= −
∫ +∞

0
(k1cAcB + k2cAcC) dξ, (22)

∆i

(
∆2

i

3
+ χiδ

2
i

)
dcim

dt
+ (cim − ci∞)

×
[
(∆2

i + χiδ
2
i )

d∆i

dt
+ 2χi∆iδi

dδi

dt
+ α∆i(∆

2
i + 3χiδ

2
i )

]

= 2Di(cim − ci∞)∆i −
∫ +∞

0
(k1cAcB + k2cAcC)ξ2 dξ.

(23)

In the initial stage of the process the system of Eqs. (16),
(17), (22) and (23) is solved for the half width,δi , and the
displacement,∆i , of the profiles with the initial conditions:

∆i = s0

2
, δi = 0, i = A, B, C. (24)

The species concentrations at the origin and in the environ-
ment remain constant:

cAm = cA0, cA∞ = 0, cBm = 0,

cB∞ = cB0, cCm = 0, cC∞ = cC0. (25)

As the mixing proceeds, the half width of the profile,δi , in-
creases and eventually becomes equal to the displacement,
∆i . After that moment∆i is replaced withδi in Eqs. (16),
(17), (22) and (23), while the concentration level at the ori-
gin, cim, is parameterised. The coefficients,κi , when once
chosen for the specific case remain unchanged during com-
putation; the problem of selecting a proper value ofκi is
discussed later in this chapter.

Reactions (12) and (13) proceed until there is no more
substrate A left in the striation. Therefore, in the present
work ODEs (22) and (23) were integrated untilcAm = 0. A
fourth-order Runge–Kutta algorithm with an automatic step
size correction was used to integrate ODEs (22) and (23). To
assure that the first reaction, Eq. (12), was fully controlled
by micromixing the value of the reaction rate constant,k1,
was gradually increased until its value had no effect on the
computed selectivity.
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The accuracy of the present model formulation has been
tested by comparing its predictions with results of a direct
numerical solution of a system of three material balance
equations

∂ci

∂t
− αξ

∂ci

∂ξ
= Di

∂2ci

∂ξ2
+ Ri,

Ri =




−k1cAcB − k2cAcC if i = A,

−k1cAcB if i = B,

−k2cAcC if i = C,

(26)

with initial and boundary conditions:

cA(ξ, 0) =
{

cA0 if |ξ | < 1
2s0

0 if |ξ | ≥ 1
2s0

, cA(ξ → ±∞, t) = 0,

(27)

ci(ξ, 0) =
{

0 if |ξ | < 1
2s0

ci0 if |ξ | ≥ 1
2s0

,

ci(ξ → ±∞, t) = ci0, i = B, C. (28)

A numerical algorithms group (NAG) Fortran library rou-
tine, employing a method of lines and an implicit time
integration formula, was applied to solve PDEs (26). The
reaction rate constant,k1, and the distance between space
boundaries (range ofξ ) were increased to such levels that
their effect on the computational results became negligi-
ble. The computations were performed on a Cray J932
supercomputer.

To present the computation results in a convenient way
the following dimensionless parameters were introduced:

Fig. 4. Final selectivity of parallel reactions;βB = βC = 1
24, γB = γC = 1.

• initial concentration ratio

βi = ci0

cA0
, (29)

• diffusion coefficient ratio

γi = Di

DA
, (30)

• first characteristic time ratio

θ1 = tF

tR
, (31)

• second characteristic time ratio

θ2 = tD

tF
. (32)

The characteristic time scales used in definition (31) and
(32) represent:

• characteristic diffusion time

tD = MA,11(0)

MA(0)DA
= s2

0

12DA
, (33)

• characteristic deformation time

tF = 1

〈α〉 , (34)

• characteristic reaction time

tR = 1

k2cA0
. (35)

The results of the direct numerical solution, presented in
Fig. 4, indicate that the rate of mechanical mixing has strong
effect on the course of the parallel reactions (12) and (13).
The slower mechanical mixing (higherθ1) is comparing to
the reaction rate, the better chance for the second (slower)
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Fig. 5. Final selectivity of parallel reactions;βB = βC = 1
24, θ2 ≥ 10.

reaction to proceed. Increasing the second time ratio,θ2, at
θ1 = constant also elevates the final selectivity,X, but this
effect becomes negligible forθ2 ≥ 10, when the molecular
diffusion of reactants is relatively very slow comparing to
the deformation rate. Forθ2 < 1 the initial scale of segre-
gation significantly affects the final selectivity,X, but this
case reflects no mechanical mixing; moreover in this case
the assumption that the spot of the reactant of an arbitrary
shape becomes an elongated striation is no longer correct.

When the coefficient of the molecular diffusion of reac-
tant C is significantly decreased (increased) the transport of
C towards the A-rich zone is slowed down (accelerated) and

Fig. 6. Final selectivity of parallel reactions;βB = βC = 1
2 , θ2 ≥ 10.

consequently the conversion of C in the whole process de-
creases (increases). This explains the results of the direct
numerical solution, as shown in Fig. 5.

Fig. 6 refers to the case when the initial concentration of
reactant A is only two times higher than the concentration
of the reactants initially present in the environment;βB =
βC = 1

2. This allows for an even better penetration of reagent
C into the A-rich zone ifγB = 1

5γC = 1, than in the case
whenβB = βC = 1

24 andγB = 1
5γC = 1. As the result, the

final selectivity,X, is higher forβB = βC = 1
2 than forβB =

βC = 1
24. Whenγ C is decreased, A is rather consumed in
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Table 1
CoefficientsκA and κB giving the minimum ofσ X for γB = 1, θ2 = 10 andκC = 7

9

γ C

0.2 1 2 3 4 5

βB = βC = 1
24

κA = κB −0.70 −0.37 – 0.93 – 3.0
σ X 0.015 0.005 – 0.002 – 0.006

βB = βC = 1
8

κA = κB −0.74 −0.46 −0.02 0.49 0.98 1.44
σ X 0.009 0.011 0.009 0.008 0.007 0.008

βB = βC = 1
4

κA = κB −0.78 −0.50 −0.13 0.20 0.47 0.61
σ X 0.004 0.018 0.016 0.013 0.010 0.010

βB = βC = 1
2

κA = κB −0.81 −0.50 −0.21 −0.10 0.06 0.05
σ X 0.023 0.033 0.024 0.015 0.014 0.011

reaction with B before C can penetrate the A-rich zone and
the final selectivity may decrease.

The model coefficients,κi , were determined by compar-
ing the selectivities obtained from the solution of PDEs (26)
and the solution of ODEs (22) and (23). For given values
of the concentration ratio,βi , the diffusivity ratio,γ i , and
the second characteristic time ratio,θ2 = 10, the selectivi-
ties were computed for five values of the first characteristic
time ratio,θ1,i (=0.1, 1, 10, 102, 103, 104). Then an aver-
age relative difference between the solution of ODEs (23)
— Xmodeland the solution of PDEs (26) —X was calculated
from equation

Fig. 7. Slope of a concentration profile at the inflection point giving the best accuracy of the model;γB = 1, θ2 ≥ 10.

σX =
{

1

n

n∑
i=1

[
1 − Xmodel(θ1,i )

X(θ1,i )

]2
}1/2

. (36)

Table 1 reports the values of the model coefficients,κA and
κB, that give the minimum value ofσ X, in the case when
βB = βC, γB = 1 andκC = 7

9.
Low values ofσ X reported in Table 1 show that a proper

selection of the coefficients,κi , gives a very good fit of the
model results,Xmodel, to the results of the direct solution of
PDEs (26),X, for the characteristic time ratioθ1 ranging
from 0.1 to 104.
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When there is a need to perform computations for inter-
mediate conditions one can interpolate the values ofκA and
κB from Fig. 7. In this figure the value of the first derivative
of the normalised concentration profile of reactants A and
B at the inflection point

dψ

d(ξ/δi)

∣∣∣∣
ξ=∆i

= 3

4

√
κi + 1 (37)

was plotted vs. the diffusivity ratio,γ C, using data reported
in Table 1. The interpolation is very simple for the lowest
concentration ratios,βB andβC, when the slope at the in-
flection point becomes a linear function ofγ C.

When the molecular diffusivities of all the reactants differ
from each other then the coefficientsκA andκB should be
adjusted separately by fitting the model results to the direct
numerical solution of material balance equation (26). In such
a case their values reported in Table 1 can be used as the
first approximation. However, for 0.5 ≤ γB ≤ 2 and 0.2 ≤
γC ≤ 5 one can safely apply the values ofκA andκB found
for γB = 1. For example, whenβB = βC = 1

24, γB = 2,
γC = 0.2, θ2 = 10 andκC = 7

9 the minimum ofσ X equal
0.011 is obtained forκA = −0.70 andκB = −0.84. In
the same conditions but forκA = κB = −0.70 σ X equals
0.021, which is still a small value. For the same reason the
coefficientsκA andκB reported in Table 1 can be used for
θ2 < 10.

The earlier model [10], would giveσX
∼= 0.3 for βB =

βC = 1
24, γB = 1, γC = 0.2 andσX

∼= 0.2 for βB = βC =
1
24, γB = 1, γC = 5. Only in the case of equal molecular
diffusivities of the reactants and for high concentrations of
reactant A (βB � 1, βC � 1) that model works well.

Similarly to its earlier version, the new model requires
far less computation power than it is necessary to obtain
the direct numerical solution of partial differential material
balance equations. This allows an easy incorporation of the
model into a larger computation project involving, e.g., CFD
simulation of the complex flow field, determination of the
history of deformation for a large population of fluid ele-
ments and computation of the conversion or selectivity of
chemical reactions occurring between the mixed reactants.

3. Experimental method

A system of two parallel chemical reactions of the second
order kinetics:

NaOH+ HCl
k1→NaCl+ H2O (38)

NaOH +CH2ClCOOC2H5
k2→CH2ClCOONa+ C2H5OH (39)

and a neutral viscosity increasing agent added to aqueous
solutions of the reactants — polyethylenepolypropylene
glycol (Breox 75W 18000) — were used to study experi-
mentally laminar micromixing in a co-rotating twin-screw

Fig. 8. Intermeshing screw elements of CoTSE.

extruder. Neutralisation of hydrochloric acid (reactant B)
with sodium hydroxide (reactant A) is instantaneous (k1 =
1011 dm3 mol−1 s−1) and completely controlled by mixing.
The reaction rate constant of alkaline hydrolysis of ethyl
chloroacetate (reactant C),k2, equals 33.2 dm3 mol−1 s−1 at
25◦C in aqueous solutions of the viscosity increasing agent
[15]. When the average NaOH concentration in the reacting
mixture is close to 10 mol m−3 the rate of ester hydrolysis
is of the same order of magnitude as the typical rate of
laminar micromixing [10]. It has been proven experimen-
tally that when a solution of base is mixed in the laminar
flow with a premixture of acid and ester, the selectivity of
the test reactions, Eqs. (38) and (39), significantly depends
on mixing conditions in: a batch, semi-batch and on-line
mixers [10,15].

The extruder used in the experiments had two co-rotating
and intermeshing screws mounted in a transparent plexiglas
barrel. Each screw comprised 23 double-flighted transport
elements presented in Fig. 8. The geometrical parameters
were as follows: the screw diameter,D = 0.0246 m, the
screw root diameter,DB = 0.0166 m, the flight clearance,
δF = 0.002 m, the screw pitch,T = 0.037 m and the cen-
treline distance between the screws,CL = 0.021 m.

Two reactant solutions were continuously fed into
the extruder (Fig. 9). The diluted solution of HCl and
CH2ClCOOC2H5 was fed under atmospheric pressure to the
main feed throat and then conveyed by the rotating screws.
The concentrated NaOH solution was pumped directly into
the intermeshing region of the screws via a small port of
1 mm diameter localised downstream. A syringe pump was
used to secure the constant flow rate of the side stream.
Equivalent numbers of moles of reactants were always
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Fig. 9. Diagram of a co-rotating twin-screw extruder.

mixed (Eq. (14)). The viscosity of the reactant solutions was
increased up to 0.18 or 0.27 Pa s to obtain a laminar flow
regime in the extruder. The temperature of both feeding
streams was kept at 25◦C. The out-flowing liquid mixture,
collected during a specified time period, was weighted to
determine the actual extruder throughput. A valve mounted
at the extruder discharge was used to adjust the throughput.
After the steady state of the process was reached several
samples of the out-flowing mixture were taken and analysed
by means of high pressure liquid chromatography (HPLC).

4. Results and discussion

The co-rotating twin-screw extruders usually operate in
the starved feeding regime, when some part of the extruder
channel is only partially filled with the processed material.
There is no pressure built-up in the partially filled section,
which allows an easy addition of side streams of a monomer
or a catalyst and easy removal of volatises via openings in
the barrel. Mixing of the side streams with the matrix liquid
is mainly conducted in a following completely filled section.
However, some part of the mixing process can actually take
place in the feeding section and may affect the course of
chemical reactions occurring between the reactants. There-
fore, in the present work micromixing is investigated both
in the completely and partially filled extruder channel.

When the extruder channel is completely filled, then ac-
cording to a simplified flow theory commonly used in the
extruder technology [30] the extruder throughput,V̇ , is the
superposition of the drag flow,̇VD, and the pressure flow,
V̇P:

V̇ = V̇D − V̇P = 1

2
mFDhwU − mFP

h3w

12

1

µ

∂p

∂z
. (40)

The drag flow,V̇D, is proportional to the relative barrel ve-
locity:

U = πDN cosϕ, ϕ = arctg

[
T

πD

]
. (41)

The pressure flow,̇VP, is proportional to the pressure gra-
dient along the screw channel,∂p/∂z, and it is inversely
proportional to the material viscosity,µ. The maximum ex-
truder throughput is achieved when∂p/∂z = 0 and is equal
to the drag flow,V̇D. Measurements conducted for CoTSE
used in the micromixing experiments showed that the ex-
truder throughput,̇V , depends on the die pressure,�p, the

screw speed,N, and the liquid viscosity,µ, according to the
following experimental correlation

V̇ = V̇D − V̇P = 0.139ND3 − 2.27× 10−6D3 �p

µ
. (42)

Results of numerical simulations of the incompressible,
Newtonian and creeping flow in CoTSE, performed by
Denson and Hwang [31], indicate that the dimensionless
velocity profile in the screw channel,�v/U , depends on the
ratio of the pressure flow and the drag flow,V̇P/V̇D. There-
fore, the rate of deformation of fluid elements,α, related to
the velocity field via Eq. (11), should depend on the screw
speed,N and the ratioV̇P/V̇D (or V̇ /V̇D).

Based on these conclusions several series of experiments
with the test reactions, Eqs. (38) and (39), were conducted
in the completely filled extruder in such a way that in each
series the ratiȯV /V̇D was kept constant for a wide range of
the screw speeds. In these experiments the Reynolds number

Re = Uhρ

µ
(43)

ranged between 0.4 and 5. In the first three series of exper-
iments the ratio of the feeding flows,̇VBC/V̇A, was equal
to 24 while the initial concentrations of the reactants (A=
NaOH, B= HCl, C = CH2ClCOOC2H5) were as follows
1
24cA0 = cB0 = cC0 = 10 mol m−3. In the following three
series the value oḟVBC/V̇A was decreased to 7.33 but the
amounts of the mixed reactants were unchanged because

1
7.33cA0 = cB0 = cC0 = 10.9 mol m−3.

Experimental results shown in Fig. 10 indicate that there
is a strong dependence of the final selectivity of the parallel
reactions,X, upon the screw speed,N. In all six series of ex-
periments the selectivity decreases with the increasing screw
speed. The selectivity also depends on the ratio of the actual
flow rate and the maximum flow rate,V̇ /V̇D. A comparison
of the selectivities obtained for the similar screw speeds but
different ratiosV̇ /V̇D shows that the selectivity is higher for
lower values ofV̇ /V̇D, equivalent to higher contribution of
the pressure flow,̇VP, into the total flow. Finally it can be
observed that the selectivity can be changed without chang-
ing both the amounts of the mixed reactants and the flow
field. As it is shown in Fig. 10 the experimental points ob-
tained forV̇BC/V̇A = 24 lay higher than those determined
for V̇BC/V̇A = 7.33 provided that the values ofN andV̇ /V̇D
are similar for the compared points.
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Fig. 10. Final selectivity of parallel reactions determined experimentally for fully filled CoTSE.

The model of laminar micromixing, described in the pre-
vious chapter, was applied to interpret quantitatively the ex-
perimental results. Similarly as in the earlier work [10], it
was assumed in computations that the base solution injected
into the main stream is swept by the rotating screws from
the injection port and forms a thin elongated ribbon sur-
rounded by the fresh acid and ester solution. The molec-
ular diffusivities of the reactants, were found from corre-
lations reported by Bałdyga et al. [10]:DNaOH = 8.6 ×
10−10 (6.7 × 10−10) m2 s−1, DHCl/DNaOH ∼= 1.5 (1.7)
and Dester/DNaOH ∼= 0.22 (0.21); the first value refers to
µ = 0.18 Pa s, the second one in parentheses refers toµ =
0.27 Pa s. The initial striation thickness,s0, was related to
the volumetric flow rate of the side stream via the continuity
equation

V̇A = V̇D

1 + V̇BC/V̇A

V̇

V̇D
= ds0v0, (44)

whered (=1 mm) is the diameter of the injection port andv0
the local liquid velocity near this port. According to Eq. (42)
V̇D ∼ ND3 and if V̇ /V̇D = constant the time average ofv0
should be proportional toND. In these circumstances the
initial striation thickness fulfils the relation

s0 ∼ V̇A

dDN
∼ D2

d(1 + V̇BC/V̇A)

V̇

V̇D
. (45)

Hence, if additionallyV̇BC/V̇A = constant thens0 =
constant. This allowed applying a single value ofs0 for
all the experimental points obtained for the same values of
V̇ /V̇D andV̇BC/V̇A (one series of experiments). The values
of s0 used in the model computations ranged from 0.05 to
5 mm. The average rate of deformation of fluid elements in
the reaction zone,〈α〉, was determined for each experimen-
tal point separately by comparing the computed selectivity

Table 2
Limiting values of the initial striation thickness,s0

V̇ /V̇D

0.15 0.3 0.6

s0 (mm) 0.25 0.5 1

to the measured one. Fig. 11 presents the values of〈α〉/N
determined from the experimental points reported in Fig. 10.
Only when the striation thickness was reduced by deforma-
tion below the limiting values given in Table 2 molecular
diffusion became accelerated and chemical reactions could
proceed at noticeable rates.

Fig. 11 shows that the ratio of the average rate of defor-
mation, 〈α〉, in the reaction zone and the screw speed,N,
depends on the ratio of the actual throughput to the max-
imum flow, V̇ /V̇D and the screw speed; the higher values
of V̇ /V̇D andN, the higher value of〈α〉/N. The correlation
between these three quantities can be proposed in the fol-
lowing form:

〈α〉 = aNb, (46)

where the coefficientsa andb depend onV̇ /V̇D as shown
in Table 3.

Table 3
Coefficientsa andb in correlation (46) found by the least square method

V̇ /V̇D

0.15 0.3 0.6

a 0.025 0.046 0.178
b 1.91 1.99 2.06
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Fig. 11. Average rate of deformation identified for a fully filled section of CoTSE.

When the procedure of fitting of the computed selectivities
to the measured ones was repeated for the values of the
initial striation thickness smaller that those given in Table 2,
it was found that decreasings0 decreases the dimensionless
rate of deformation,〈α〉/N. Therefore the values of〈α〉/N
plotted in Fig. 11 are the maximum ones.

When a section of the extruder channel is partially filled,
transport of the processed material occurs by the drag flow.
However, the actual throughput,V̇ , is smaller than the max-
imum drag flow capacity,̇VD [20]:

V̇ = f V̇D, (47)

wheref is the local degree of fill of the screw channel (0<

f ≤ 1) defined as the ratio of the liquid volume to the free
volume between the screws and the barrel. The flow field in
the partially filled channel depends on the system geometry
and on the magnitude of viscous, gravity and inertia forces
acting on the fluid elements. Therefore, the average rate of
deformation of the fluid elements,〈α〉, divided by the screw
speed,N, should depend on the degree of fill,f, the Reynolds
number,Re, and the Froude number, which is defined as

Fr = U2

gh
. (48)

When the gravity forces dominate over the viscous forces,
Fr � Re, the liquid stays at the channel bottom and it is
pushed by the screw flight. When, however, the magnitude
of the viscous forces is increased so thatFr/Re > 0.1 the
liquid is lifted up from the channel bottom and a liquid layer
is formed at the screw flights [26,30]. This phenomenon
was observed during experiments conducted in the under-
fed extruder. In these experiments the side stream (NaOH
solution) was injected into the long partially filled channel

section. The ratio of the flow rates,V̇BC/V̇A, was kept close
to 24 while the initial reactant concentrations were set at
1
24cA0 = cB0 = cC0 = 10 mol m−3. The selectivity of the
test reactions, Eqs. (38) and (39), was determined for a
wide range of the degrees of fill (0.05 < f < 0.5) and for
three screw speeds:N = 80 rpm (Re = 1.5, Fr/Re = 0.15),
N = 120 rpm (Re = 2.2, Fr/Re = 0.23) andN = 180 rpm
(Re = 3.3, Fr/Re = 0.34).

Experimental results presented in Fig. 12 indicate that the
final selectivity,X, increases when the degree of fill,f, is de-
creased and the screw speed,N, is constant. Poor mixing for
small degrees of fill is likely to be caused by reduction of the
boundary surface area at which the momentum flux, created
by the rotation of screws with respect to each other and to
the stationary barrel, is applied to the processed liquid. The
smaller amount of the stress is applied at the liquid bound-
aries, the slower deformation of liquid elements is observed.
In the similar manner one can explain why in most cases in-
creasing the screw speed improves mixing and decreases the
selectivity when the degree of fill is kept constant (Fig. 12).
It should be noted, however, that forf < 0.08 the final se-
lectivity determined forN = 80 rpm is lower than the se-
lectivity measured forN = 120 rpm. This may have been
caused by the flow disturbances observed atN = 80 rpm
when some liquid smeared on the top of the barrel was drip-
ping to the channel bottom before it could be wiped by the
incoming screw flight. At the higher screw speeds the flow
disturbances were observed forf > 0.2.

The micromixing model was used to determine the av-
erage rate of deformation of fluid elements in the partially
filled channel. It was assumed in the computations that the
base solution injected into the partially filled zone forms a
thin striation over a thick layer of the acid and ester solution
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Fig. 12. Final selectivity of parallel reactions determined experimentally for a partially filled section of CoTSE;V̇BC/V̇A = 24.

created on the flights surface. Hence, the initial thickness of
the side stream could be estimated from the following ex-
pression:

s0 ∼= V̇A

V̇A + V̇BC
wf = w

1 + V̇BC/V̇A

V̇

V̇D
. (49)

In the computations this value was additionally increased
by the factor of two because in the initial stages of mixing
only one side of the NaOH-rich layer contacts the acid and
ester solution. The average rate of deformation in the reac-
tion zone was determined for experimental points reported
in Fig. 12 by fitting the predicted by the model selectivity

Fig. 13. Average rate of deformation identified for a partially filled section of CoTSE.

of the parallel reactions to the selectivity determined exper-
imentally.

The dimensionless average rates of deformation,〈α〉/N,
obtained in the fitting procedure for various degrees of fill,
f, are plotted in Fig. 13. These results clearly show that de-
creasing the degree of fill,f, performed without changing the
screw speed,N, decreases the ratio〈α〉/N. This effect is very
strong for the higher screw speeds andf < 0.2 when no flow
disturbances were observed. It should be noted that the val-
ues of〈α〉/N obtained for the lowest degrees of fill for each
screw speed, when the selectivity exceeded 30% and the ini-
tial striation thickness,s0, ranged between 0.01 and 0.1 mm,
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were found to be of the order of 10−3 or lower. In these
circumstances the ratio of characteristic times of molecular
diffusion and deformationθ2 = tD/tF, ranged between 10−3

and 10−4. At such low values ofθ2 mixing at the molec-
ular scale and chemical reactions proceeding between ini-
tially segregated substrates occurs in the diffusion-controlled
regime with all its consequences, e.g. higher conversion of
valuable substrates in slower side-reactions.

Remarkably, the average rates of deformation obtained
for the highest degrees of fill of the extruder channel are
comparable or even higher than those determined for the
completely filled channel, compare Figs. 11 and 13.

To sum it up one should be aware that the reduction of the
degree of fill in the feeding section of CoTSE below 8–10%
results in a severe deterioration of the mixing conditions.
This in turn significantly changes the course of the instan-
taneous and fast chemical reactions proceeding between the
contacted reactants before the processed material can reach
the fully filled mixing section of the extruder.

5. Conclusions

A new version of the model of laminar micromixing de-
veloped by Bałdyga et al. [10] has been worked out. Simi-
larly as in the previous formulation viscous deformation of
fluid elements and molecular diffusion, accelerated by the
growth of the contact area between mixed liquids and reduc-
tion of segregation scales in a system, were recognised as
the processes responsible for homogenisation at the molec-
ular scale. Micromixing accompanied by an instantaneous
or a fast chemical reaction was described in a local frame of
reference. An integral transformation was applied to the ma-
terial balance to obtain relations for concentration moments
determining the quantity and characterising the spatial distri-
bution of the reactants. Integral reaction terms in the model
equations were estimated by means of continuous algebraic
approximations of the local concentration profiles of the re-
actants instead of assuming, as it was done previously, a uni-
form distribution of one of the reactants in the reaction zone.

The model has been tested by comparison of model re-
sults obtained for the parallel reactions proceeding between
unmixed reactants in elongated fluid striations with the di-
rect numerical solution of material balance equations. This
allowed to adjust the approximations of the local concen-
tration profiles so that the model could predict the final
selectivity with a high accuracy. In contrast to the earlier
model the application range of the new model is no more
restricted to mixing of reactants of almost equal molecular
diffusivities or mixing a small volume of a highly concen-
trated solution of one reactant with a large volume of a
diluted premixture of other reactants. Even if the molecu-
lar diffusivities of the reactants differ significantly and the
initial concentration of the limiting reactant is twice higher
than the concentrations of other reactants the accuracy of
the model is high. Remarkably, the wide application range

and the high accuracy was achieved without a significant
increase of the model complexity and the computation cost
than that required previously.

A system of competitive-parallel reactions and a viscos-
ity increasing agent has been used in an experimental study
of micromixing in a co-rotating twin-screw extruder. In this
work the effect of the screw speed, the extruder throughput,
the volume ratio of the reactant solutions and the degree of
fill of the extruder, on the final selectivity of the test reactions
was determined. The experimental results prove that the in-
fluence of micromixing on the course of complex chemical
reactions carried out between initially unmixed reactants can
not be neglected in the reactive extrusion technology.

The micromixing model has been used to interpret the ex-
perimental results. The values of the average rate of defor-
mation of fluid elements in the extruder channel were deter-
mined for a broad range of: the screw speeds, the extruder
throughputs and the degrees of fill of the extruder. It was
found that in a completely filled section mechanical mixing
could be intensified not only by increasing the screw speed
but also by increasing the ratio of the real throughput to
the maximum flow capacity. In the partially filled channel
the degree of fill and the screw speed were found to be the
key factors affecting micromixing. Increasing the degree of
fill of the extruder and the screw speed increase the rate of
viscous deformation. If the degree of fill is too low (in our
case less than 8–10%) mixing occurs mainly due to molec-
ular diffusion. Then the slower side reactions can proceed at
rates comparable to the rate of the very fast or fast reaction
and deteriorate the product quality.
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